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SATURATION CURRENTS INTO A PROBE IN A DENSE PLASMA 

M. S. Benilov and G. A. Tirskii UDC 5 3 3 . 9 . 0 8 2 . 7 6  

In connection with intensive studies concerning the flow of an ionized gas, there has 
now also developed a considerable interest, according to the literature on this subject, in 
electric probes widely used as a major diagnostic tool. Electric probes are rather simple 
devices, but difficulties arise in the interpretation of a measured current--voltage charac- 
teristic and, especially, when such a probe operates in the hydrodynamic mode, i.e., when the 
mean free path of particles is much shorter than the characteristic probe dimension and the 
thickness of the Debye layer. In this study we will theoretically analyze the trend of the 
current-voltage characteristics of single electric probes in streams of dense plasmas at high 
positive and negative surface potentials when e ffi %~/L 2 << i (%d denoting the characteristic 
quiescent Debye radius and L denoting the characterlstic scale of change in the hydrodynamic 
parameters near the probe surface). This problem was for the first time considered in [i], 
where an asymptotic analysis of it at the limit %~/~2 § 0 (~ denoting the thickness of the 
viscous boundary layer) has led to the conclusion that the current--voltage characteristic of 
a probe at high positive (or negative) surface potentials levels off to constant values cor- 
responding to the electron (ion) saturation current. Explicit expressions have been derived 
for the density of saturation currents which involve the normal derivative of the quasineu- 
tral concentration of charged particles at the wall. However, the assumptions made in that 
analysis greatly limit the applicability of the obtained results and, generally, make them 
unsuitable for direct diagnosis. It has been assumed in [i], e.g., that the gas temperature 
and density as well as the transfer coefficients are uniform in space, which implies equal 
temperatures of the probe surface and the unperturbed stream. In most experiments this 
condition is not fulfilled, however, since the probe is usually much colder than the plasma 
unperturbed by it. CollSsions between charged particles as well as gaseous-phase ionization 
and recombination processes have also been disregarded in that study, which is not permis- 
sible in the interPretation , e.g., of probe measurements in the plasma of open-cycle MHD gen- 
erators. It has been, furthermore, assumed in [i] that the gas flows in the boundary-layer 
mode and, accordingly, it is not possible to interpret, for instance, the probe measurements 
in a slowly moving plasma of the flame type [2] or the probe measurements under conditions of 
supersonic streamlining of blunt bodies by weakly charged plasmas in the "viscous shock lay, 
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er" mode [3]. Neither has been considered the problem of saturation currents in the case 
of a collision-free Debye layer (this problem becomes significant when the concentration of 
charged particles is increased). The expressions for saturation currents derived in [i] have 
so far not been used in the technical literature for the derivation of specific diagnostic 
formulas. In this study the problem of saturation currents will be treated with the varia- 
bility of gas properties, the gaseous-phase ionization and recombination processes, and also 
the collisions between charged particles taken into account. The analysis will be shown to 
remain valid also in the case of collision-free Debye layer. With the resulting general ex- 
pressions for the density of saturation currents, diagnostic formulas can be derived for a 
large class of specific gas flow patterns under thermal equilibrium. Such a derivation was 
begun in an earlier study [4] by determining the distribution of density of the ion satura- 
tion current over the frontal surface of a sphere streamlined by a supersonic plasma stream 
in the "viscous shock layer" mode. It ought to be noted here that the system of equations in 
the hydrodynamic theory of electric probes in aplasma [5] is a nonlinear one with the coef- 
ficient of the highest-order derivative being a small parameter and that it cannot be solved 
analytically. There is an efficient method available [6] for numerically solving one--dimen- 
sional problems in the hydrodynamic theory of probes, but multidimensional problems of this 
kind are still difficult to solve numerically. An exact calculation of the current--voltage 
characteristic is, for this reason, impossible in most cases, in order to determine the sat- 
uration current, on the other hand, it issufficient to calculte only - the quasineutral con- 
centration Of charged particles and for this there are availablewell-developed methods in- 
eluding analytical ones. In such situations, evidently, the proposed approach is in many 
cases the only asymptotically exact one which will yield specific diagnostic tools. 

i. We consider an ionized gas of three components (single-charge ions of one kind, 
electrons , and one kind of neutral particles) streamlining a charged conductor (electric 
probe). The mean free path is assumed to be small relative to the characteristic dimension 
of the streamlined body and the degree of ionization of the gas to be moderate, i.e., suffi- 
ciently low for the flow of the neutral component to remain unaffected by the presence of 
charged particles, This means that the degree of ionization must not exceed a few percent. 
Then the fields of all quantities pertaining to the gas as a whole, namely of its mean flow 
rate as well as its density and temperature, can be calculated from the solution to the cor- 
responding streamlining problem without taking into account ionization. In our setup, there- 
fore, these fields will be regarded as given. The problem is thus to determine both electron 
and ion concentrations and diffusion currents as well as the electric potential. 

We first assume that the mean free path greatly exceeds the thickness of the Debye layer 
at the streamlined body, Then as the system of hydrodynamic equations governing over the en- 
tire volume occupied by the gas (conservation and transport of ions and electrons) we can 
use the Stefar~Maxwell relations [7] and the Poisson equations 

PvVC J + d iv  J~ = wj (] ----- i, e); ( l . i )  

k:i,e,~ k a n  

• v ln  p -4- x :  ~.J  v ln  T ( j  = i, e); 

A ~  --- - -  4 ~ n e  (x~ - -  xc) ,  (1.3) 
nj  m j  

x j  = --if-, cr = ,n--~ x j ,  p~ = m j n x ~  

$n  = - -  .Ii - -  $~, p,~ = p~ x,~ = t ,  

k:{,e,n 

where v, p, T, p, n are the mean-mass velocity, the density, the temperature, the pressure, 
and the numerical concentration of the gas| xj, cj, nj are the molar, the relative (mass), 
and the numerical concentration of the j-th component; pj, Jj, Sj are the density, the mass- 

diffusion current, and the mass increment of the j-th component per unit volume and per unit 
time due to chemical reactions; ej, mj are the charge and the mass of a particle of the j-th 

D T kind; aij , j are the drag coefficients (in the first approximation reciprocals of the bin- 
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ary-diffusion coefficients) and the thermodiffusion coefficients; e is the charge of an elec- 
tron; k is the Boltzmann constant; and subscripts i, e, n refer respectively to ions, elec- 
trons, and neutral particles. 

The equations of transport have been written on the assumption that the temperature of 
electrons is in equilibrium with the temperature of heavy particles. 

r T The transport coefficients ajk , j can be calculated according to the kinetic theory of 

gases and will in this setup be regarded as given functions of the gas density and tempera- 
ture as well as of, generally, the concentrations of charged particles. 

We further assume that the ratios of drag coefficients, ion to neutral particles and 
electron to neutral particles, remain constant in the stream, This assumption is one of the 
most essential ones for this analysis. The accuracy with which this assumed condition holds 
true depends on the model used for describing the interactions of ions with neutral parti- 
cles and electrons with neutral particles. It should be pointed out that in the most custom- 
ary models of solid spheres and Maxwell molecules [5], in the first approximation, this con- 
dition holds true exactly when the perturbation part of the distribution function is expand- 
ed into Sonin polynomials, 

Let us now formulate the system of boundary conditions, At the streamlined surface, 
which we assume to be ideally absorbing and nonemltting as well as ideally catalytic, the 
boundary conditions for ion and electron concentrations follow from the condition of mass 
balance [8], these conditions being stipulated so as to make both the ion concentration and 
the electron concentration at the streamlined surface zero for small values of the Knudsen 
number. The surface potential is assumed to be given. 

Far from the streamlined body the concentrations of ions and electrons approach their 
levels in an unperturbed gas, while the electric potential tends to zero, 

We thus have : the boundary condltions: 

at the streamlined surface 

xi = Xe = O, tp = (p~. (given); (1.4) 

far from the streamlined body 

x~ --,,- x ~ ,  x e " +  x ~ ,  (p--+ O. (1.5) 

We now introduce the dimensionless variables 

':" w i w ern i ~ etp . e ] ,~ v------v v----Lv, S j =  l~%mn$i,-- to=-- . : - - -  " ' ahJ=aki'-- ~P="~o '  z,=.-~--, T =  T-'~'T 
v ~ ' mjp o Wio Wiome ao 

Subscript "O" denotes here the corresponding characteristic values, 

The system of equations (1.1)-(1.3) becomes, in these new variables, 

He PvVZ j + div J~ = Dw (] ---- i, e); 

z f h  ( ~h Sy ) z ~ (mj ) 

~=i,e,n 

__ m i m $e; 

8Acp = .  p (x~ - -  x~), 

(1.6) 

( 1 . 7 )  

(1.8) 

(1.9) 

�9 2 

where NRe = aavoL; D = wiomBaoL /Pami; r = kTomn/4~poe=L2 (the tilde above dimensionless var- 

iables has been omitted). The form of boundary conditions (1,4) and (1.5) remains unaffected 
by the introduction of new variables. 

The quantity e will be regarded as the small parameter in the problem. The entire flow 
~ield can then be split into a quasineutral region and a Debye boundary layer with a strong 
separation of charges [i, 9] adjacent to the streamlined surface, 
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2. The object of this study is the trend of ion and electron characteristics, i,e,, 
the dependence of ion and electron currents on the surface area and the electric potential 
of the probe inthe range of high positive and negative potentials, Let lj denote the di- 
mensionless density of the current referring to particles of the j-th kind and flowing to 
the streamlined surface, namely 

Ij =--]Jyw q 
Here and henceforth index "w" refers to the 

streamlined surface and the y axis runs normally 

= i ,  e). 
values of respective quantities at the 
to that surface, 

One should expect, on the basis of physical considerations, that the ion (electron) cur- 
rent to the streamlined surface decreases to zero when the electric potential rises (drops) 
to infinity: 

a t  ~w--->--~ I i - t 0 ;  
at ~ w - + - - o o  Ie'-~'O. (2.1) 

The problem is to determine the trend of the electron characteristic at high positive 
surface potentials and of the ion characteristic at high negative surface potentials, 

3, We will first consider the case of weak ionization, i.e., assume that collisions 
between charged particles occur at a much lower frequency than their collisions with neutral 
particles, Inasmuch as the cross section for collisions between charged particles is several 
orders of magnitude larger than the cross section for their collisions with neutral parti- 
cles, the degree of ionization must not exceed I0-4-i0 "s. In the transport equations (1.7) 
for ions, e.g., one ought to omit the terms in the first part on the right-hand side which 
represent collisions with electrons, It isalso simpler now to calculate the transport co- 
effiCients Ej, ajn (j = i, e), namely, just as in the case of a binary mixture consisting of 

particles of the j-th kind and neutral ones. It will be noted that these transport coeffi- 
cients depend on the gas density and temperature but not on the concentration of charged 
particles. 

The Stefan--Maxwell relations (1.7) become in this case the generalized Fick's laws 

Z] (mj 
l J P VXj --  --T- zJv(~ -r ain mn 

D r . 
~f_~; _ # a o a j  n "  = K~j (] = i, e), (3.2) 

where ~j is the thermodiffusion ratio for a binary mixture consisting of particles of the 

j-th kind and neutral ones [I0], aj~ ~ is the coefficient of binary diffusion for this mixture, 

and E T. is equal, except for the sign, to its thermodiffusion coefficient [i0] ~ In this par- 
3 

ticular approximation charged particles interact only through the electric field, 

Let us examine the quasineutral system of equations describing the first term of the 
external asymptotic expansion of the solution to problem (i.4)-(1.6), (1,9), (3.1). This 
system consists of Eqs. (1.6), (3.1), and the degenerate Poisson equation (1.9), i.e., the 
condition of quasineutraiity 

xi = Xe = x. (3.3) 

Combining relations (3.1), with this condition taken into account, yields 

�9 ) ( m '+me 2 v l n p  -hx(~.~a- , . '~ ,~)vinT].  a ~ n l i + a e , l e = P  --2Vx+x\ m~ 
(3.4) 

Multiplying Eqs. (1.6) by ajn/(ain + aen) and then adding the resulting equations yields 
the equation 

R e p v v x + d i v p D a [ - - V X  + X \  f-~m~ ~ 1; v l n p  + x  2 (3 .5 )  
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for the concentration of charged particles in the quasineutral region, where D = 2/(ain + 
aen) is the coefficient of ambipolar diffusion, a 

The boundary condition for this equation far from the streamlined body is identical to 
the first of conditions (1.5), namely 

x"--~ x~. (3 .6)  

The boundary condition for the quasineutral concentration at the streamlined surface is 
established by collocating with the expansion of the solution for the Debye layer, In the 
general case this layer cannot be described within the framework of a single asymptotic ex- 
pansion but consists of several boundary layers, each describable by such a corresponding in- 
dividual expansion [ii]. Within the transitional boundary layer, which happens to be the 
"outermost" one in the sense that its expansion collocates directly with the quasineutral 
expansion, the concentration of charged particles expands into a series beginning with terms 

�9 I/3 proportlonal to g . Obviously, the condition of collocation here is that the first term 
in the outer asymptotic expansion of the concentration become zero at the streamlined sur- 
face; 

x = O  at v- -O.  (3.7)  

It is important to note that the distribution of charged particles according to Eq. 
(3.5) with the boundary conditions (3.6) and (3.7) does not, in the quasineutral approxima- 
tion, depend on the electric potential of the streamlined surface, 

The normal to the streamlined surface components of ion and electron diffusion currents 
across the Debye layer, which is assumed here to be asymptotically thin, are constant in the 
first approximation and equal to those components at y = 0 in the quasineutral approximation, 
Consequently, ion and electron currents flowing to the streamlined surface are constrained 
according to relation (3.4) written in a projection on the y axis at y = 0; 

ainIi + aenle =2pOx/Oy. 

From t h i s  r e l a t i o n  and c o n d i t i o n s  (2 .1)  we f i n d  the  e l e c t r o n  c u r r e n t  a t  h igh p o s i t i v e  
s u r f a c e  p o t e n t i a l s  and the  ion  c u r r e n t  a t  h igh n e g a t i v e  s u r f a c e  p o t e n t i a l s  

2p o x t  " (3 .8)  
ire , aen aV y~o 

i i _- 2p Oz I ~i'-~ a-"~ J=o" (3 .9)  

Inasmuch as function x does not depend on the electric potentialof the streamlined sur- 
face, according to our assumptions~ these expressions describe the density of saturation cur- 
rents. When p = I, then these expressions become those in [i] for a chemically "frozen" gas 
with constant properties flowing in the "boundary layer" mode. 

The results are illustrated in Fig. 1 by exact electron characteristics of a plane elec" 
tric probe in a quiescent homogeneous gas [6], As the value of parameter r decreases, these 
characteristics approach the 2/aen level at high potentials and this also corresponds exactly 
to relation (3.8), 

We note that Eqs. (3.8) and (3.9) have been derived from the first terms in the outer 
asymptotic expansion and thus are accurate down to the second terms, The order of magnitude 
of the second terms in the outer asymptotic expansion is determined by the thickness of the 
Debye layer and strongly depends on the electric potential applied to the streamlined sur- 
face, At very high potentials (~w = ~-~/2), for instance, the thickness of the Debye layer 
approaches the order of unity [ii]. Our analysis, therefore, applies only to the range of 
rather low electric potentials of the streamlined surface and correspondingly small thick- 
nesses of the Debye layer, 

As the value of parameter r decreases at a sufficiently high but not fixed electric po- 
tential, the thickness of the Debye layer decreases and the current density approaches the 
value stipulated hy (3.8) or (3.9). This trend is clearly seen on the diagram in Fig. i, 

It is also noteworthy that at a very high applied potential theelectric field near the 
surface will be strong and its work through a distance equal to themean free path of charged 
particles can become comparable with their thermal energy, In this case the model of low mo~ 
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bility within the Debye layer [II] becomes inapplicable, It can be demonstrated that at 
electric potentials of the streamlined surface corresponding to the initial ranges of satura- 
tion, on the other hand, this model of low mobility within the Debyelayer is certainly ap- 
plicable. 

4. We will now extend the analysis in the preceding paragraph to the case of moderate 
ionization, i.e., will take into account collisions of ions and electrons. In this case the 
Stefan--Maxwell relations (1.7) become 

xixe / Je Ji I xt J. x~ m i v ln p + x~ ~ v ln T, VXi:__~._aie~x e xi ./ xi ... - - 1  
(4.1) 

%zi J, J~ __xe a J_~.~ +-~-Vr  - - ,  Vln ~ : v l n T .  V X e = - T a ,  e ~ xe p ea ze ~ P ~ ' X e  

Adding these equations in the quasineutral  approximation again yie lds  Eq. (3.4),  and a l l  
subsequent arguments in paragraph 3 remain val id ,  The boundary condition (3.7) s t i l l  applies ,  
for instance, inasmuch as the first terms on the right-hand sides of Eqs. (4.i) representing 
collisions between charged particles are negligibly small for the Debye layer and the struc- 
ture of the latter remains unchanged. 

Therefore, in the case of a moderately ionized gas with assumed constant ratios of drag 
coefficients (ion to neutral particle and electron to neutral particle) one should expect 
saturation currents according to relations (3.8) and (3.9). The quasineutral concentration 
of charged particles, moreover, is determined now, as before, according to Eq. (3.5) with 
boundary conditions (3.6) and (3.7). 

5. In deriving the boundary condition (3.7) for the quasineutral concentration of 
charged particles we have assumed that the thickness of the Debye layer greatly exceeds the 
local mean free path of charged particles and we have used the hydrodynamic model in [Ii] for 
describing this Debye layer. It is quite evident, however, that this boundary condition re- 
mains valid also in the case of a colllsionless Debye layer. Indeed, the boundary condition 
for the quasineutral concentration at the streamlined surface is then the condition of balance 
of attracted particles (electrons when the surface potential is higher than the local plasma 
potential, ions when the local plasma potential is higher than the surface potential) [12, 
13]. This condition is of the order of the local Knudsen number and, therefore, for our 
case of a sufficiently dense gas we again obtain boundary conditions (3.7). 

In this way, the validity of the conclusions arrived at does not depend on whether the 
Debye layer is a collisional or a collision-free one. 

6. The preceding analysis applies to the case where the temperature of electrons is 
the same as that of heavy particles. In the nonequillbrium case the situation becomes much 
more complex. Without considering the effects of nonequil~rium in detail, we will only note 
that sometimes Eq. (3.9) for the ion saturation currents holds approximately true even then. 
This is so, for instance, in the case of a self-adJoint weakly ionized chemically "frozen" 
boundary layer with a "frozen" electron temperature, under the condition that the latter is 
within the nonviscous region equal to the temperature of heavy particles [5]. 

7. In order to determine the saturation currents according to Eqs. (3.8) and (3.9), 
it is necessary to first solve the problem (3.5)-(3.7). In the case of a chemically "frozen" 
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T 
gas stream with a negligible dependence of transport coefficients Da, Z ' , Z e on the concen- 
tration of charged particles this problemls a linear one. In certain important special 
cases it can be solved analytically and explicit expressions can be derived for the density 
of saturation currents. Analytical results can also be obtained for the opposite extreme 
case of flow under chemical equilibrium. 

At high values of the Reynolds number, when the flow field can be subdivided into a non- 
viscous region and a boundary layer, the concentration of charged particles in the former is 
constant and equal to x~ under conditions of a chemically "frozen" gas flow. It then suf- 
fice to solve Eq. (3.5) for the boundary layer only. We note that the solution to the orig- 
inal problem (1.4)-(1.9) for the nonvlscous region depends on the structure of its solution 
for the boundary layer and cannot be obtained independently. In order to construct approxi- 
mate analytical solutions to Eq. (3.5) for the boundary layer, it is convenient to use the 
method of successive approximations [14]. 

In another study [5] there have been derived specific expressions for the density of the 
ion saturation current flowing through a self-adjoint weakly ionized boundary layer to a wall 
probe. It would be interesting to compare those expressions with the general expression (3.9) 
applied to the same conditions. 

The expression for the density of the ion saturation current flowing through a self- 
adJoint chemically "frozen" boundary layer (boundary layer at a flat plate, at a conical sur- 
face, and near the critical point on an intensively cooled body) to a wall probe is expres- 
sion (3.41) in [5]. This expression can be derived from Eq. (3.9) with the aid of the solu- 
tion [15] to the equation of diffusion for a self-adjoint chemically "frozen" boundary layer. 

Expression (3.47) in [5], with a reference to another study [16], describes the density 
of the ion saturation current into a wall probe at an acute cone in a stream with a hlgh local 
Mach number and an ionized boundary layer. This expression has been derived on the assump- 
tion that convection is negligible when ~ s ~m [16] (~ being a similarity parameter [5] and 
nm being the coordinate of the maximum concentration of charged particles). From this assump- 
tion follows the relation 

~m 

Expression (3.9) can now be reduced to the form (with the notation in [5]) 

[Rex ll/2 | Pm i]rn,[i,H. :u ~ =  2.55" ~O18Soi ( - ~ ] ,  tt6 P6 

The structure of this expression is identical to the structure of expression (3.47) in 
[5], but the numerical coefficient is different (in Eq. (3.47) [5] it is 1.9 rather than 
2.55). This discrepancy is due to the fact that the constant on the right-hand side of Eq. 
(15) in [16] has been assumed to be equal to +2.68, while the asymptotic analysis yields the 
value +2 for it. This latter value has, by the way, been confirmed by the numerical solu- 
tions shown in Fig. i. 
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CONDITIONS FOR SPUTTER EMISSION IN HIGH-PRESSURE SPATIAL 

GASEOUS DISCHARGES 

Yu. D. Korolev, G. A. Mesyats, 
and V. B. Ponomarev 

UDC 537.521 

The contraction of a high-pressure spatial gaseous discharge is associated with forma- 
tion of a cathode spot and an outgrowth from the latter of a hlgh-conductance spark channel 
[1-3]. In an earlier study [4] there was proposed a model of spot initiation under high 
electric field intensities E(0) at the cathode, when spontaneous emission from individual 
microasperities becomes significant. Then the cathodic layer is unstable relative to fluctua- 
tions of the spontaneous-emission current [5, 6] so that heating of their tips by the electron 
current and the ion current cause this layer to sputter and a cathode spot is formed. The 
electric field intensity E(0) is related to the ion current density J according to the law of 
similitude E(0)/p = f(j/p2), with p denoting the gas pressure. This relation yields the de- 
pendence of the discharge current density on the pressure at a beforehand given electric 
field intensity E(0) = E, sufficiently high for initiating a cathodic instability. This 
study will deal with the determination of the critical electric field intensities E, and the 
current densities in spatial discharge at which such intensities are attained. 

Calcula=ion of =he Electric Field Intensity at the Cathode 

In order to find the relation j(p) at a given electric field intensity E(0) = E,, it is 
necessary to solve the system of nonlinear continuity and Poisson equations 

aj+ ~ a;_ z = ~J-; (i) ~x ~z 

dE e dx - T ( n + - -  n_); (2) 
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